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$\mathbb{R}^{n}$ $\mathfrak{S}$ 3 $C\subset \mathbb{R}^{n}$ $( i)\bigcup_{S\in \mathfrak{S}}S=$
$C$ . (ii) $S\in \mathfrak{S}$ $\mathfrak{S}$ (iii) $\mathfrak{S}$ ],
$x,$ $x’$ $x\sim x’$
$x$ $x’\in X$ $x$ $X$ $X$ $F$
$x$ $f(x)\in F(x)$ $f$
[2], - - [3] ( ) $X\subset \mathbb{Z}^{n}$ $F$
( $x\sim x’$ $||x-x’||_{\infty}\leq 1$ ).
$x\sim x’\Rightarrow(f_{i}(x)-x_{i})(f_{i}(x’)-x_{i}’)\geq 0 (i=1, \ldots, n)$ . (1)
Yang [12] (locally
gross direction preserving)
$x\sim x’\Rightarrow(f(x)-x)^{T}(f(x’)-x’)\geq 0$ (2)
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( 1)
1 $coX$ $X\subset \mathbb{Z}^{n}$ $\mathfrak{S}$ $coX$ $F$
$f$ $x\in F(x)$ $x\in X$
2
$m\cross n$ $A=(a_{ij}),$ $B=(b_{ij})$ 2
$x^{T}Ay,$ $x^{T}By$ $x\in P_{m},$ $y\in P_{n}$
$i$ $e_{i}=(0, \ldots, 1, \ldots, 0)$
$A,$ $B$






$F_{1}(j)=\{i\in\{0, \ldots, m\}|a_{ij}\geq a_{i’j}\forall i’\},$ $F_{2}(i)=\{j\in\{0, \ldots, n\}|b_{ij}\geq b_{ij’}\forall j’\}.$
$F(i,j)=F_{1}(j)\cross F_{2}(i)$ Nash $(i, j)\in F(i, j)$
$[0, m]\cross[0, n]$
( 1-3). 2
1 $[0, m]\cross[0, n]$ Freudenthal 1 $F$
$f=(fi, f_{2})$ (3)






2 $[0, m]\cross[0, n]$ Freudenthal 90
$F$ $f$ (4)
$f_{1}(j)-1\leq f_{1}(j+1)\leq f_{1}(j) , f_{2}(i)-1\leq f_{2}(i+1)\leq f_{2}(i)\forall i, j$ . (4)
3 $[0, m]\cross[0, n]$ 3
$F$ $f$ (5) (6)
$f_{1}(j\pm 1)=\{\begin{array}{l}f_{1}(j), fi(i)+1, fi(j)-1 i+fi(j) :evenf_{1}(j) , j+f_{1}(j) : odd.\end{array}$ (5)
$f_{2}(j\pm 1)=($
$f_{2}(i),$ $f_{2}(i)+1,$ $f_{2}(i)-1$ $i+f_{2}(i)$ : even





( 4) ( ) $G_{1}$ ,
$G_{2}$
4:
2 $[0, m]\cross[0, n]$ $F$ $f$
$(fi(1), 1),$ $(fi(2), 2),$
$\ldots,$ $(fi(n), n)$ $G_{1}$




$\ldots,$ $(fi(j),j)$ $G_{1}$ $(i,j)=$
$(f_{1}(j)+1, j)$ $(i, j)$ $(i’, j’)$ $fi(j’)\leq i’$
$j’=j+1$ $i’=fi(j),$ $fi(j)+1,$ $fi(j)+2$
3 Case 1: $(fi(j), j+1)$ $(fi(j)+1, j)$ $fi(j+1)\leq fi(j)$
Case 2: $(f_{1}(j),j+1)$ $(fi(j)+1,j)$ $fi(j+1)\leq fi(j)+1$
$(i, j)=(fi(j)-1,j)$ $(i,j)$
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$(i’, j’)$ $f_{1}(j’)\geq i’$ $j’=j+1$
$i’=fi(j)-2,$ $fi(j)-1,$ $fi(j)$ 3 Case 3: $(fi(j),j+1)$ $(fi(j)-1, j)$





5: 2 $(fi(j+1), j+1)$ $(fi(j)\pm 1, j)$ $(fi(j+1), j+1)$
Case 1,3, Case 1,4, Case 2,3, Case 2,4 4 5




$1x\sim x’$ $||x’-x||_{\infty}\leq 1$ $fi(j+1)=fi(j)$ ,
$f_{2}(i+1)=f_{2}(i)$ ( 6).





$i$ $X_{i}=\{0, \ldots, m_{i}\}$ $X$
$X_{-i}=\Pi_{j\neq i}^{n}X_{j}$ $i$ $r_{i}(x)$ ,
$F_{i}(x_{-i})=\{x_{i}\in X_{i}|r(x_{i}, x_{-i})\geq r(y_{i}, x_{-i})\forall y_{i}\in X_{i}\}$ $F(x)=\Pi_{i=1}^{n}F_{i}(x_{-i})$
Nash $x\in F(x)$
$\Pi_{i=1}^{n}[0, m_{i}]$ Freudenthal $\sigma\in \mathfrak{S}_{n}$
$S_{\sigma}=co\{O, e_{\sigma(1)}, e_{\sigma(1)}+e_{\sigma(2)}, \ldots, e_{\sigma(1)}+e_{\sigma(2)}+\cdots+e_{\sigma(n)}\}$ $\{S_{\sigma}|\sigma\in \mathfrak{S}_{n}\}$
$[0,1]^{n}$ $\Pi_{i=1}^{n}[0, m_{i}]$
Freudenthal
1 Freudenthal $x\sim x’$ $(x\leq x’$
$x\geq x’)$ $||x-x’||_{\infty}\leq 1$
3 $\Pi_{i=1}^{n}[0, m_{i}]$ Freudenthal $F$ $f$
(7)
$f_{i}(x_{-i})\leq f_{i}(x_{-i}+d_{-i})\leq f_{i}(x_{-i})+1 \forall x\in X, \forall d\in\{0,1\}^{n}, \forall i$ . (7)
2 ( 3) Freudenthal 1
3 $e_{i}’$ $e_{i}$ $-e_{i}$
$\sigma\in \mathfrak{S}_{n}$
$S_{\sigma}’=co\{O, e_{\sigma(1)}’, e_{\sigma(1)}’+e_{\sigma(2)}’, \ldots, e_{\sigma(1)}’+e_{\sigma(2)}’+\cdots+e_{\sigma(n)}’\}$
$\{S_{\sigma}’|\sigma\in \mathfrak{S}_{n}\}$ co $\{\sum_{j\in J}e_{j}’|J\subset N\}$ $\{S_{\sigma}’+\sum_{e_{j}’=-e_{\dot{2}}}e_{j}|\sigma\in$
$\mathfrak{S}_{n}\}$ $[0,1]^{n}$ $\Pi_{i=1}^{n}[0, m_{i}]$
Freudenthal
$\{\sum_{j\in J}e_{j}’|J\subset N\}$ #
$\sum_{j\in I}e_{j}’\preceq\sum_{j\in J}e_{j}’\Leftrightarrow I\subset J$
$\Pi_{i=1}^{n}\{0,1, \ldots, m_{i}\}$ $\preceq$
2 Freudenthal $x\sim x’$
$(x\preceq x’$ $x\succeq x’)$ $||x-x’||_{\infty}\leq 1$
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4 $\Pi_{i=1}^{n}[0, m_{i}]$ Freudenthal $F$ $f$
$x\in X$ $d \in\{\sum_{j\in J}e_{j}’|J\subset N\}$
(8)
$\{\begin{array}{l}f_{i}(x_{-i})\leq f_{i}(x_{-i}+d_{-i})\leq f_{i}(x_{-i})+1 if e_{i}’=e_{i},f_{i}(x_{-i})\geq f_{i}(x_{-i}+d_{-i})\geq f_{i}(x_{-i})-1 if e_{i}’=-e_{i}.\end{array}$ (8)
1 $n=3$ $e_{1}’=e_{1},$ $e_{2}^{l}=e_{2},$ $e_{3}’=-e_{3}$ $\{i, j\}=\{1,2\}$ (8)
$f_{i}(x_{j}, x_{3})\leq f_{i}(x_{j}+1, x_{3}-1), f_{i}(x_{j}+1, x_{3}))f_{i}(x_{j}, x_{3}-1)\leq f_{i}(x_{j}, x_{3})+1,$
$f_{3}(x_{1}, x_{2})-1\leq f_{3}(x_{1}+1, x_{2}+1), f_{3}(x_{1}+1, x_{2}), f_{3}(x_{1}, x_{2}+1)\leq f_{3}(x_{1}, x_{2})$.
4
(Tarski)
$(X, \preceq)$ $x,$ $y\in X$ $x,$ $y$
$X$ $Y\subset X$
$X$ $X$ $F$ $x\preceq x’$ $y\in F(x)$
$y\preceq y’$ $y’\in F(x’)$
5 (Tarski [10]) $X$ $F$
$x\in F(x)$ $x\in X$
Tarski $n$ Nash
$X_{i}$ $X$
6 (Topkis [11]) $f_{i}$ : $X_{-i}arrow X_{i}(i=1, \ldots, n)$
$x_{-i}\preceq x_{-i}’ \Rightarrow f_{i}(x_{-i})\preceq f_{i}(x_{-i}’)$ (9)
$f_{i}(x_{-i})=x_{i}(i=1, \ldots, n)$ $x\in X$
2 $X=X_{1}\cross X_{2}$
(11) (12) ( 7).






$x\preceq x’$ $x_{1}\leq x_{1}’$ $x_{2}\geq x_{2}’$ (11) (13)
$x_{2}\geq x_{2}’\Rightarrow f_{1}(x_{2})\leq f_{1}(x_{2}’) , x_{1}\leq x_{1}’\Rightarrow f_{2}(x_{1})\geq f_{2}(x_{1}’)$ . (11)





$f$ : $\{0,1\}^{n}arrow\{0,1\}^{n}$ $B(f)$ $:=(b_{ij})$
$b_{ij}:=\{\begin{array}{l}0, f_{i} x_{j} \# 1, \end{array}$
$0$ $f$
7 (Robert [7]) $f$ : $\{0,1\}^{n}arrow\{0,1\}^{n}$
Shih-Dong [9] 7 Richard
[8] Shih-Dong $X=\Pi_{i=1}^{n}X_{i}$
2
8 ( [4]) $X$ $f$ $\sigma$ $i=1,$ $\ldots n$
$f_{\sigma(i)}$ $x_{\sigma(j)}(j\geq i)$ $f$
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